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Let R be a commutative ring with identity and let P (R) be the
monoid of principal fractional ideals of R . We show that P (R) is
ﬁnitely generated if and only if P (R¯) (R¯ the integral closure of R)
is ﬁnitely generated and R¯/[R : R¯] is ﬁnite. Moreover, R¯ is a ﬁnite
direct product of ﬁnite local rings, SPIRs, Bezout domains D with
P (D) ﬁnitely generated, and special Bezout rings S (S is a Bezout
ring with a unique minimal prime P , S P is an SPIR, and P (S/P )
is ﬁnitely generated). Also, P (R) is ﬁnitely generated if and only
if F ∗(R), the monoid of ﬁnitely generated fractional ideals of R ,
is ﬁnitely generated. We show that the monoid F (R) of fractional
ideals of R is ﬁnitely generated if and only if the monoid F¯ (R) of
R-submodules of the total quotient ring of R is ﬁnitely generated
and characterize the rings for which this is the case.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let R be a commutative ring with identity. The set F¯ (R) of R-submodules of T (R), the total quo-
tient ring of R , is a partially ordered commutative monoid with identity R and zero 0 under the
usual product I J = {Σ iα jα | iα ∈ I, jα ∈ J }. The purpose of this paper is to investigate when F¯ (R)
or certain of its submonoids are ﬁnitely generated. In particular, we consider the ﬁnite generation of
the submonoids P (R) ⊆ F ∗(R) ⊆ F (R) ⊆ F¯ (R) where P (R) (resp., F ∗(R), F (R)) is the set of principal
fractional ideals (resp., ﬁnitely generated fractional ideals, fractional ideals) of R and of their positive
cones P+(R) ⊆ F ∗+(R) ⊆ F+(R) = F¯+(R) which consist of the principal ideals, ﬁnitely generated ideals,
and ideals of R , respectively.
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and R¯ its integral closure in T (R). Extending the integral domain case, we call G(R) = U (T (R))/U (R)
the group of divisibility of R . Note that G(R) is partially ordered by xU (R)  yU (R) ⇔ x|y in R and
that G(R) is order-isomorphic to the monoid r-P (R) of regular principal fractional ideals of R un-
der reverse inclusion. Recall that a fractional ideal of R is regular if it contains a regular element
(= nonzerodivisor) of R . By an overring of R we mean a subring of T (R) containing R .
Let M be a submonoid of F¯ (R) containing P (R). We say that M is strongly ﬁnitely generated if P (R)
is ﬁnitely generated and there exist A1, . . . , An ∈ M so that each A ∈ M has the form A = xAi for some
x ∈ T (R) and some i, or equivalently, G(R) is ﬁnitely generated and there exist A1, . . . , An ∈ M so that
each A ∈ M has the form A = xAi for some x ∈ U (T (R)) and some i (see Theorem 3.16). Certainly M
strongly ﬁnitely generated implies that M is ﬁnitely generated. Recall that a special principal ideal ring
(SPIR) is a principal ideal ring with a unique nonzero prime ideal and that prime ideal is nilpotent.
A special Bezout ring R is a Bezout ring (every ﬁnitely generated ideal of R is principal) with a unique
minimal prime P , T (R) = RP is an SPIR, and G(R/P ) is ﬁnitely generated. We are now ready to state
our main results.
Theorem A. For a commutative ring R, the following conditions are equivalent.
(1) P (R) is ﬁnitely generated.
(2) G(R) is ﬁnitely generated and T (R) is a ﬁnite direct product of ﬁnite local rings, SPIRs, and ﬁelds.
(3) F ∗(R) is ﬁnitely generated.
(4) F ∗(R) is strongly ﬁnitely generated.
(5) R¯/[R : R¯] is ﬁnite and R¯ is a ﬁnite direct product of ﬁnite local rings, special Bezout rings, and Bezout
domains with ﬁnitely generated groups of divisibility.
Recall that a ﬁnite dimensional semiquasilocal generalized Dedekind domain is just a semiquasilo-
cal domain D such that for each maximal ideal M of D , DM is a ﬁnite-rank discrete valuation domain.
By the reduced ring of R we mean R/
√
0.
Theorem B. For a commutative ring R, the following conditions are equivalent.
(1) F (R) is ﬁnitely generated.
(2) F (R) is strongly ﬁnitely generated.
(3) F¯ (R) is ﬁnitely generated.
(4) F¯ (R) is strongly ﬁnitely generated.
(5) R¯/[R : R¯] is ﬁnite and R¯ is a ﬁnite direct product of ﬁnite local rings, special Bezout rings whose reduced
rings are ﬁnite dimensional semiquasilocal generalized Dedekind domains, and ﬁnite dimensional semi-
quasilocal generalized Dedekind domains.
This paper consists of three sections besides the introduction. In the second section we review
some known results concerning when P+(R), F ∗+(R), or F+(R) = F¯+(R) is ﬁnitely generated. A key
result is that if P (R) is ﬁnitely generated, then T (R) is a ﬁnite direct product of ﬁnite local rings,
SPIRs, and ﬁelds. We also review the known results concerning when P (D), F ∗(D), or F (D) is ﬁnitely
generated for D an integral domain. A new result is that F (D) is ﬁnitely generated if and only if
F¯ (D) is. The third section concerning the ﬁnite generation of P (R) contains the bulk of our results.
These results are summarized in Theorem A. Finally, the fourth section uses the results from the third
section to determine when F (R) is ﬁnitely generated. These results are summarized in Theorem B.
For terminology and notation not deﬁned here, the reader is referred to [10].
2. The positive cone and domain cases
We are interested in determining when one of the eight monoids P+(R), F ∗+(R), F+(R) = F¯+(R),
P (R), F ∗(R), F (R), or F¯ (R) is ﬁnitely generated. We ﬁrst handle the positive cone case which is
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domain. The commutative rings R with F+(R) ﬁnitely generated were called ﬁnite product (f.p.) rings
in [2]. See [2, Theorem 2] for a number of additional characterizations of f.p. rings.
Theorem 2.1. For a commutative ring R, the following conditions are equivalent.
(1) P+(R) is ﬁnitely generated.
(2) F ∗+(R) is ﬁnitely generated.
(3) F+(R) is ﬁnitely generated.
(4) R is a ﬁnite direct product of ﬁnite local rings, SPIRs, and one-dimensional semilocal domains D with
the property that for each nonprincipal maximal ideal M of D, D/M is ﬁnite and DM is analytically
irreducible.
Proof. The equivalence of (1), (3), and (4) is [2, Theorem 2]. (2) ⇒ (3) Let F ∗+(R) = 〈I1, . . . , In〉
where I1, . . . , In are ﬁnitely generated ideals of R . Let P be a prime ideal of R and let a ∈ P .
Then Ra = Im11 · · · Imnn where mi  0. So for some i we have Ra ⊆ Ii ⊆ P . Thus P =
⋃{Ii | Ii ⊆ P }
is ﬁnitely generated. So by Cohen’s Theorem, R is Noetherian. Thus F+(R) = F ∗+(R) is ﬁnitely gen-
erated. (3) ⇒ (2) Suppose that F+(R) is ﬁnitely generated. Then by (3) ⇒ (4), R is Noetherian; so
F ∗+(R) = F+(R) is ﬁnitely generated. 
Corollary 2.2. Suppose that R is a commutative ring. If any of P (R), F ∗(R), F (R), or F¯ (R) is ﬁnitely generated,
then T (R) is a ﬁnite direct product of ﬁnite local rings, SPIRs, and ﬁelds.
Proof. Now each fractional ideal (= integral ideal) J of T (R) has the form J = I T (R) for some
fractional ideal I of R . Moreover, if J is principal (resp., ﬁnitely generated), we can take I to be prin-
cipal (resp., ﬁnitely generated). Thus each of the natural monoid homomorphisms P (R) → P (T (R)),
F ∗(R) → F ∗(T (R)), F (R) → F (T (R)), and F¯ (R) → F¯ (T (R)) (I → I T (R)) is surjective. Thus if any of
P (R), F ∗(R), F (R), or F¯ (R) is ﬁnitely generated, so is P (T (R)), F ∗(T (R)), F (T (R)), or F¯ (T (R)), re-
spectively. But since P (T (R)) = P+(T (R)), F ∗(T (R)) = F ∗+(T (R)), and F¯ (T (R)) = F (T (R)) = F+(T (R)),
the result follows from Theorem 2.1. 
Theorem 2.1 shows that if various submonoids of F+(R) are ﬁnitely generated, then so is P+(R).
We next show that if any submonoid of F+(R) containing P+(R) is ﬁnitely generated, then so is
P+(R).
Theorem 2.3. Let R be a commutative ring. Suppose that there is a ﬁnitely generated submonoid H of F+(R)
containing P+(R). Then P+(R) is ﬁnitely generated.
Proof. Let us call a ring R satisfying the hypothesis of Theorem 2.3 a weak f.p. ring. Suppose that
H = 〈A1, . . . , An〉. So for each a ∈ R , Ra = As11 · · · Asnn where si  0, but we are not assuming that
the Ai ’s are principal. Clearly R/I and RS are weak f.p. rings for any proper ideal I of R and any
multiplicatively closed subset S of R . Let P be a prime ideal of R . For a ∈ P , Ra = As11 · · · Asnn ⊆ P , so
for some i, Ra ⊆ Ai ⊆ P . So P is a union of some of the Ai ’s. Thus Spec(R) is ﬁnite. For P ∈ Spec(R)
and 0 = a ∈ R¯ = R/P , R¯a = A¯s11 · · · A¯snn . Hence if si > 0, A¯i is invertible and thus principal since R¯
is semiquasilocal. So P+(R¯) is ﬁnitely generated. Thus dim R  1. Since R is semiquasilocal, by [2,
Theorem 2] it is enough to show that P+(RM) is ﬁnitely generated for each maximal ideal M of R .
Thus we may assume that (R,M) is a quasilocal weak f.p. ring and we must show that P+(R) is
ﬁnitely generated.
First suppose that dim R = 0. We may assume that R is not a ﬁeld. Choose n minimal so that there
are nonzero proper ideals A1, . . . , An of R such that each nonzero proper ideal Ra of R has the form
Ra = As11 · · · Asnn where si  0. Suppose n = 1. Let a be a nonzero nonunit of R , so Ra = As11 for some
s1  1. Since a is nilpotent, so is A1. So R has only ﬁnitely many principal ideals and hence P+(R) is
ﬁnitely generated. Thus by induction, we can assume for each i that P+(R/Ai) is ﬁnitely generated.
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is 0, some Mk = 0. Thus As11 · · · Asnn = 0 if s1 +· · ·+ sn  k. So R has only ﬁnitely many principal ideals
and hence P+(R) is ﬁnitely generated.
Next suppose that dim(R) = 1. Let P1, . . . , Pn be the minimal prime ideals of R . Choose x ∈ M\P1∪
· · · ∪ Pn . Then R/Rx is a zero-dimensional weak f.p. ring and thus P+(R/Rx) is ﬁnitely generated.
Hence R/Rx is Noetherian. So M/Rx and hence M itself is ﬁnitely generated. We show that P+(R)
is ﬁnitely generated by induction on m where m is the smallest number of ideals A1, . . . , Am so
that each nonzero proper principal ideal of R is a power-product of A1, . . . , Am . If m = 1, R is a
DVR. So assume m > 1. If some Ai  P j , then by induction P+(R/Ai) is ﬁnitely generated. But R/Ai
is quasilocal with dim R/Ai = 1; so R/Ai is a domain. Hence Ai = P j , a contradiction. Since each
Pi contains some A j , with a change of notation we may assume that Pi = Ai for each i and for
j = i, A j ⊆ Pi . Thus if x ∈ Pi and Rx = As11 · · · Asnn we must have si  1. So Rx = C Ai = C Pi where
C = As11 · · · Asi−1i · · · Asmm . Hence Pi is a multiplication ideal (if A is an ideal with A ⊆ Pi , then A = BPi
for some ideal B) and so is principal [1, Theorem 1]. So every prime ideal of R is ﬁnitely generated.
By Cohen’s Theorem R is Noetherian. Thus every proper principal ideal of R is a ﬁnite product of
irreducible principal ideals. So it suﬃces to show that R has only ﬁnitely many irreducible principal
ideals. Let x ∈ R\P1 ∪ · · · ∪ Pn . Then Rx is M-primary, so MN  Rx for some N  1. Thus if Rb =
As11 · · · Asmm where s1 + · · · + sm  N , then Rb  Rx and hence is not irreducible. But there are only
ﬁnitely many principal ideals Rb with s1 + · · · + sm < N . 
Corollary 2.4. For a commutative ring R, the following conditions are equivalent.
(1) R is a ﬁnite direct product of ﬁnite local rings, SPIRs, and ﬁelds.
(2) R has only ﬁnitely many ideals.
(3) R has only ﬁnitely many principal ideals.
(4) R is a total quotient ring and P+(R) is ﬁnitely generated.
(5) R is a total quotient ring and there is a ﬁnitely generated submonoid of F+(R) containing P+(R).
In particular, let R be a commutative ring having a ﬁnitely generated submonoid M ⊆ F¯ (R) containing
P (R). Then P+(T (R)) is ﬁnitely generated.
Theorem 2.3 raises the question of whether F+(R) ﬁnitely generated implies that each submonoid
M of F+(R) is ﬁnitely generated. In general the answer is no. For example, if D is a semilocal PID
with n > 1 nonzero prime ideals P1, . . . , Pn , then M = 〈{Pn1 P2
n
2 | n  1}〉 is a nonﬁnitely generated
submonoid of P+(D). However, here we do not have P+(D) ⊆ M . We conjecture that if F+(R) is
ﬁnitely generated and M is a submonoid of F+(R) containing P+(R), then M is ﬁnitely generated.
Compare with Theorem 4.5.
In the case of F+(R), we modify the deﬁnition of being strongly ﬁnitely generated as follows. We
say that a submonoid M of F+(R) is strongly ﬁnitely generated if P+(R) is ﬁnitely generated and there
exist A1, . . . , An ∈ M so that each element A of M has the form A = xAi for some x ∈ R and some
Ai . By the proof of Lemma 3.14 we can actually assume that x is regular. Of course, if M is strongly
ﬁnitely generated, it is ﬁnitely generated.
Theorem 2.5. Let R be a commutative ring with P+(R) ﬁnitely generated. Then F+(R) is strongly ﬁnitely
generated.
Proof. By Theorem 2.1 R = R1 × · · · × Rn where each Ri is a ﬁnite local ring, SPIR, or integral domain
with P+(Ri) ﬁnitely generated. Since F+(R) = F+(R1) × · · · × F+(Rn), it suﬃces to show that F+(Ri)
is strongly ﬁnitely generated. This is clear if Ri is ﬁnite or an SPIR; so we can assume that Ri is a
domain. So we assume that D is an integral domain, not a ﬁeld, with P+(D) ﬁnitely generated; we
must prove that F+(D) is strongly ﬁnitely generated.
First, suppose that (D,M) is local. Let x be a nonzero nonunit of D; so there exists an N  1 with
MN ⊆ Dx. Since F+(D) is ﬁnitely generated, there are only ﬁnitely many M-primary ideals Q 1, . . . , Qn
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write A = xA′ where A′ is not contained in any proper principal ideal. Thus A′ = Q i for some i. So
F+(D) is strongly ﬁnitely generated.
Next consider the general case. Let M1, . . . ,Mn be the maximal ideals of D . For each i, choose
Mi-primary ideals Q i1, . . . , Q isi of D so that Q i1Mi , . . . , Q isiMi “strongly generate” F+(DMi ). Let 0 =
A ∈ F+(D). Now AMi = xi Q tii jiMi for some ji and ti ∈ {0,1} where xi ∈ D can be chosen to be 1 or
Mi-primary. Put A′ = Q t11 j1 · · · Q
tn
njn
and x = x1 · · · xn . Then A = xA′ locally and hence globally. Take
S = {B1 · · · Bn | Bi ∈ {0, D, Q ij}}; so S is ﬁnite. Then each element A of F+(D) has the form A = xA′
for some x ∈ D and A′ ∈ S . So F+(D) is strongly ﬁnitely generated. 
The integral domains D with P+(D) ﬁnitely generated are called CK domains after Cohen and
Kaplansky who ﬁrst studied them in [8]. Also see [5] where CK domains are studied in more detail.
Note that D is a CK domain if and only if D is atomic with a ﬁnite number of nonassociate atoms.
For an example of a CK domain, we may take a semilocal PID or F + XnK [[X]] where F ⊆ K are
ﬁnite ﬁelds. CK domains may be characterized as a certain special type of composite or pullback of
π : D → D/I where D is a semilocal PID and D/I is ﬁnite; see [5, Theorem 4.4] for details.
The integral domains D with P (D), F ∗(D), or F (D) ﬁnitely generated have been characterized.
Recall that the group of divisibility G(D) of D is the abelian group K ∗/U (D) (K is the quotient ﬁeld
of D and K ∗ = K − {0}) partially ordered by xU (D) yU (D) ⇔ x|y in D , that is, Dy ⊆ Dx. Note that
G(D)0 = G(D) ∪ {0} is order-isomorphic to P (D) via xU (D) → Dx and 0 → 0. Thus G(D) is ﬁnitely
generated as a group if and only if P (D) is ﬁnitely generated as a monoid.
Our next theorem summarizes some of the known results concerning integral domains with G(D),
or equivalently P (D), ﬁnitely generated.
Theorem 2.6. Let D be an integral domain.
(1) If S is an overring of D, then the natural mapϕ : G(D) → G(S) given by ϕ(xU (D)) = xU (S) is a surjective
epimorphism with kerϕ = U (S)/U (D). Hence if G(D) is ﬁnitely generated so is G(S).
(2) Suppose that G(D) is ﬁnitely generated. Then D¯ is a ﬁnitely generated D-module, G(D¯) is a ﬁnitely gener-
ated free abelian group (so if D is integrally closed, G(D) ≈ Zn for some n) and U (D¯)/U (D) is ﬁnite. Hence
the short exact sequence 0→ U (D¯)/U (D) → G(D) → G(D¯) → 0 splits so G(D) ≈ U (D¯)/U (D)×G(D¯).
(3) For D integrally closed, G(D) is ﬁnitely generated if and only if D is a ﬁnite dimensional semiquasilocal
Bezout domain with G(DM) ﬁnitely generated for each maximal ideal M of D.
(4) If G(D) is ﬁnitely generated, Spec(D) is ﬁnite.
(5) G(D) is ﬁnitely generated if and only if G(D¯) is ﬁnitely generated and D¯/[D : D¯] is ﬁnite.
(6) Let Inv(D) be the group of invertible ideals of D. Then G(D), F ∗(D), and Inv(D) are simultaneously ﬁnitely
generated. In fact, if G(D) is ﬁnitely generated, then F ∗(D)\{0} ≈ G(D¯) × B∗(D) where B∗(D) = { J ∈
F ∗(D) | J D¯ = D¯} is ﬁnite.
(7) Suppose that G(D) is ﬁnitely generated. Then F ∗(D) is strongly ﬁnitely generated. Hence there exists a
natural number k so that each ﬁnitely generated fractional ideal of D can be generated by k elements.
Proof. (1) Clear. (2) [11, Theorem 3.9] and [3, Theorem 0].
(3) [11, Theorem 2.1 and Lemma 3.3].
(4) Suppose that G(D) is ﬁnitely generated. Then G(D¯) is ﬁnitely generated by (1) or (2) and by
(3) Spec(D¯) is ﬁnite. Since D ⊆ D¯ is integral, Spec(D) is ﬁnite.
(5) [3, Theorem 3].
(6) Suppose that Inv(D) is ﬁnitely generated. Since G(D) is isomorphic to a subgroup of Inv(D),
G(D) is ﬁnitely generated. Conversely, suppose that G(D) is ﬁnitely generated. By (4) D is semi-
quasilocal, so every invertible ideal of D is principal. So Inv(D) ≈ G(D) is ﬁnitely generated. The fact
that G(D) is ﬁnitely generated if and only if F ∗(D) is and the isomorphism F ∗(D)\{0} ≈ G(D¯)× B∗(D)
is given in [3, Theorem 5]. (7) [3, Corollary 6]. 
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A Noetherian integral domain D has G(D) ﬁnitely generated if and only if D¯ is a semilocal PID
with D¯/[D : D¯] ﬁnite while G+(D) is ﬁnitely generated if and only if we further have |Max(D)| =
|Max(D¯)|, or equivalently, D ⊆ D¯ is a root extension. In the case of D local with maximal ideal M ,
G(D) is ﬁnitely generated if and only if D is a DVR or D/M is ﬁnite and D is analytically unramiﬁed
while G+(D) is ﬁnitely generated if and only if D is a DVR or D/M is ﬁnite and D is analytically
irreducible. See [5, Theorems 3.3, 4.3] for details. We also note that a domain D with G(D) ﬁnitely
generated can be realized as a pullback of π : D ′ → D ′/I where D ′ is a ﬁnite dimensional semiquasilo-
cal Bezout domain with G(D ′) ﬁnitely generated and D ′/I ﬁnite, and conversely such a pullback D
has G(D) ﬁnitely generated. See [3, Theorem 4] for details.
We next give conditions under which F (D), D an integral domain with quotient ﬁeld K , is ﬁnitely
generated. Recall that a valuation domain V is discrete if each P -primary ideal of V is a power of P .
In the ﬁnite dimensional case this is equivalent to P = P2 for each nonzero prime ideal P of V (for
example, see [10]). Note that we are not requiring a discrete valuation domain to have rank one. An
n-dimensional valuation domain V is discrete if and only if G(V ) ≈ Zn (as abelian groups) and in this
case G(V ) is actually order-isomorphic to the lexicographic direct sum of n copies of Z.
Theorem 2.7. For an integral domain D the following conditions are equivalent.
(1) F (D) is strongly ﬁnitely generated.
(2) F (D) is ﬁnitely generated.
(3) F (D¯) is ﬁnitely generated and D¯/[D : D¯] is ﬁnite.
(4) F (D¯) is strongly ﬁnitely generated and D¯/[D : D¯] is ﬁnite.
(5) D¯ is a (ﬁnite dimensional) semiquasilocal Bezout domain such that D¯M is a ﬁnite-rank discrete valuation
domain for each maximal ideal M of D¯ and D¯/[D : D¯] is ﬁnite.
Proof. [6, Theorem 5.3]. 
Note that the semiquasilocal Bezout domains D with DM a ﬁnite-rank discrete valuation domain
for each maximal ideal M of D are just the ﬁnite dimensional semiquasilocal generalized Dedekind
domains. For a recent survey article concerning generalized Dedekind domains, the reader is referred
to [9].
As expected, the domains D with F (D) ﬁnitely generated are pullbacks of φ : D ′ → D ′/I where
D ′ is a semiquasilocal Bezout domain with D ′M a ﬁnite-rank discrete valuation domain for each
maximal ideal M of D ′ and D ′/I is ﬁnite. We next give an example of a valuation domain with
G(V ) ≈ F ∗(V )\{0} ﬁnitely generated, but F (V ) is not ﬁnitely generated. Let γ ∈ R be your favorite
transcendental number. Let Hn = 〈1, γ , . . . , γ n−1〉. So Hn with the order inherited from R is a to-
tally ordered abelian group. Let V be a valuation domain with value group G(V ) = Hn . Then V is
a rank-one nondiscrete valuation domain so F (V ) is not ﬁnitely generated. However, Hn ≈ Zn , so
F ∗(V )\{0} ≈ G(V ) ≈ Zn is ﬁnitely generated.
Let D be an integral domain with quotient ﬁeld K . Observe that if 0 = I J ∈ F (D) where I, J ∈
F¯ (D), then I, J ∈ F (D). For I J ∈ F (D) implies there exists an 0 = r ∈ D with r I J ⊆ D and hence
(ri) J ⊆ D for any 0 = i ∈ I . Hence J ∈ F (D). Thus if F¯ (D) = 〈{Iα}〉 for some subset {Iα} ⊆ F¯ (D), then
F (D) = 〈{Iα | Iα ∈ F (D)}〉. In particular, if F¯ (D) is ﬁnitely generated, so is F (D). We next prove the
converse.
Proposition 2.8. For an integral domain D, the following conditions are equivalent.
(1) F (D) is ﬁnitely generated.
(2) F¯ (D) is ﬁnitely generated.
(3) F¯ (D) is strongly ﬁnitely generated.
3012 D.D. Anderson, S. Chun / Journal of Algebra 320 (2008) 3006–3021Proof. (3) ⇒ (2) Clear. (2) ⇒ (1) This is shown in the previous paragraph.
(1) ⇒ (3) Suppose that F (D) is ﬁnitely generated. By Theorem 2.7, G(D) is ﬁnitely generated and
there exist B1, . . . , Bt ∈ F (D¯) so that each I ∈ F (D¯) has the form I = xBi for some x ∈ K , K the
quotient ﬁeld of D , and some i, 1 i  t .
We claim that there is a ﬁnite set of overrings {Di} of D¯ so that each A ∈ F¯ (D¯) has the form I D j
for some I ∈ F (D¯) and D j ∈ {Di}. Now D¯ is a ﬁnite dimensional semiquasilocal generalized Dedekind
domain. Let M1, . . . ,Ms be the maximal ideals of D¯ . So each D¯Mi is a ﬁnite-rank discrete valuation
domain. Thus if B ∈ F¯ (D¯Mi ), then either B ∈ F (D¯Mi ) or B = K . (For if B = K , there exists x ∈ K\B and
hence B ⊆ D¯Mi x.) Let A ∈ F¯ (D¯); so A = AD¯M1 ∩ · · · ∩ AD¯Ms . If each AD¯Mi is a fractional ideal of D¯Mi ,
then A ∈ F (D¯). If each AD¯Mi = K , then A = K . Thus after a change of notation, we can assume that
AD¯Mi ∈ F (D¯Mi ) for i = 1, . . . ,  and AD¯Mi = K for i = +1, . . . , s. So A = AD¯M1 ∩· · ·∩ AD¯M = AD¯ S is
a fractional ideal of D¯ S where S = D¯\M1 ∪ · · · ∪ M . So A = AD¯ S = I D¯ S for some I ∈ F (D¯). The claim
follows by taking the set {Di} to be {D¯N | N = D¯\(Mi1 ∪ · · · ∪ Mi ), {Mi1 , . . . ,Mi } ⊆ {M1, . . . ,Ms}}.
Thus each A ∈ F¯ (D¯) has the form xBi D j for some Bi and D j and x ∈ K . Let BD(Bi D j) = {C ∈
F¯ (D) | C D¯ = Bi D j}. By the proof of [6, Lemma 5.1], each BD(Bi D j) is ﬁnite. Now for 0 = A ∈ F¯ (D),
AD¯ = xBi D j for some x ∈ K ∗ and i, j. So x−1AD¯ = Bi D j . Hence x−1A ∈ BD(Bi D j). So ⋃ BD(Bi D j) is
a ﬁnite set of strong generators for F¯ (D). 
3. The P (R) and F ∗(R) cases
We now begin our attack on the problem of determining the commutative rings R with P (R)
ﬁnitely generated. Here is a brief outline of our approach. We ﬁrst note that if P (R) is ﬁnitely gener-
ated, then P (R¯) is ﬁnitely generated and characterize the integrally closed rings R¯ with P (R¯) ﬁnitely
generated. They are ﬁnite direct products of ﬁnite local rings, the Bezout domains given by Theo-
rem 2.6, and a new type of ring which we will call a special Bezout ring. Observe that since T (R)
is a ﬁnite direct product of ﬁnite local rings, SPIRs, and ﬁelds, we have a reduced primary decom-
position 0 = Q 1 ∩ · · · ∩ Qn in R where Q i is Pi-primary with Pi a minimal prime ideal. So we get
R ⊆ R/Q 1 × · · · × R/Qn ⊆ R¯ = R/Q 1 × · · · × R/Q n ⊆ T (R/Q 1) × · · · × T (R/Qn) = T (R). So we have
R/Q i ⊆ R/Q i ⊆ T (R/Q i) where P (R/Q i) is ﬁnitely generated and T (R/Q i) is either ﬁnite, an SPIR, or
a ﬁeld. If T (R/Q i) is ﬁnite, then R/Q i = T (R/Q i) and if T (R/Q i) is a ﬁeld, this is covered by Theo-
rem 2.6. So this leaves the case where T (R/Q i) is an SPIR. Here R/Q i is a new kind of ring which we
will call a special Bezout ring. The main problem remaining is to show that R¯/[R : R¯] is ﬁnite. This is
done by showing that U (R¯)/U (R) is ﬁnite. An obstacle along the way is that P (R/Q 1)×· · ·× P (R/Qn)
can be ﬁnitely generated without P (R) being ﬁnitely generated.
Recall that a ring R is strongly associate if whenever Ra = Rb for a,b ∈ R , b = ua for some unit
u ∈ U (R). A fact that we will use is that a semiquasilocal ring is strongly associate [4, Theorem 5].
Lemma 3.1. Let R be a commutative ring and S an overring of R. Then the natural map ϕ : P (R) → P (S)
given by ϕ(Ra) = Sa is a monoid epimorphism. So if P (R) is ﬁnitely generated, so is P (S). Here kerϕ =
{Ra | S = ϕ(Ra) = Sa} = {Ra | a ∈ U (S)} is a group isomorphic to U (S)/U (R). If Ra = RbRc for Rc ∈ kerϕ ,
then ϕ(Ra) = ϕ(Rb) and if S is strongly associate the converse is true. If P (R) is ﬁnitely generated, then
kerϕ ≈ U (S)/U (R) is ﬁnitely generated.
Proof. The ﬁrst two statements are clear. Since kerϕ = {Ra | a ∈ U (S)}, kerϕ is a group. Now we have
a group epimorphism U (S) → kerϕ given by s → Rs with kernel U (R). Hence kerϕ ≈ U (S)/U (R).
Certainly if Ra = RbRc where Rc ∈ kerϕ , then ϕ(Ra) = ϕ(Rb). Suppose that S is strongly associate.
Now ϕ(Ra) = ϕ(Rb) implies Sa = Sb. So a = bc for some c ∈ U (S). Hence Ra = RbRc where Rc ∈
kerϕ . Finally, suppose that P (R) = 〈Rx1, . . . , Rxn〉 is ﬁnitely generated. Then kerϕ = 〈{Rxi | xi ∈ U (S)}〉
and hence is ﬁnitely generated. Indeed, certainly 〈{Rxi | xi ∈ U (S)}〉 ⊆ kerϕ . And if Rc ∈ kerϕ , then
c ∈ U (S). Suppose Rc = (Rx1)m1 · · · (Rxn)mn = Rxm11 · · · xmnn where mi  0. So Sc = Sxm11 · · · xmnn and
hence xm11 · · · xmnn ∈ U (S). Thus if mi > 0, xi ∈ U (S). So kerϕ ⊆ 〈{Rxi | xi ∈ U (S)}〉. 
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U (R¯)/U (R) is ﬁnitely generated. In Corollary 3.13 we give the converse. We will also show that
U (R¯)/U (R) is actually ﬁnite (Lemma 3.21).
Lemma 3.2. Let R1, . . . , Rn be commutative rings. Let M(R) be one of the monoids P (R), F ∗(R), F (R), or
F¯ (R). Then M(R1 × · · · × Rn) is naturally order-isomorphic to M(R1) × · · · × M(Rn). So M(R1 × · · · × Rn)
is ﬁnitely generated if and only if each M(Ri) is ﬁnitely generated.
Proof. This follows from the facts that T (R1 × · · · × Rn) = T (R1) × · · · × T (Rn), an R1 × · · · × Rn-
submodule A of T (R1)× · · · × T (Rn) has the form A = A1 × · · · × An where Ai is an Ri-submodule of




(I1 × · · · × In) = 1d1 I1 × · · · × 1dn In . 
Lemma 3.3. Let R be a commutative ring with T (R) = T1 × T2 where T1 is ﬁnite. Then R = T1 × R2 where
R2 ⊆ T2 with T (R2) = T2 .
Proof. Let I1 = (0× T2) ∩ R and I2 = (T1 × 0) ∩ R , so I1 ∩ I2 = 0. Write 1 = e1 + e2 where f idi = ei ∈
Ti · T (R) and di /∈ Z(R). So d1d2 = d2 f1 + d1 f2 ∈ I1 + I2. Put 0T1 = Q 1 ∩ · · · ∩ Q s where Q i is Pi-
primary and put J i = (Q i × T2) ∩ R and Mi = (Pi × T2) ∩ R; so J i is Mi-primary. Now R/ J i ⊆ T1/Q i
is ﬁnite; so Mi is maximal. Also, TiPi = T (R)Pi×T2 = RMi is ﬁnite; so Mi is minimal. So Mi ⊆ Z(R). So
d1d2 /∈ Z(R) ⇒ (Mi,d1d2) = R . Hence ( J i,d1d2) = R , so ( J1 · · · J s,d1d2) = R and hence (I1,d1d2) = R
since I1 = J1 ∩· · ·∩ J s ⊇ J1 · · · J s . Now d1d2 ∈ I1 + I2; so I1 + I2 = R . Hence R = I2 × I1 where I2 ⊆ T1
and I1 ⊆ T2. Now T1 × T2 = T (R) = T (I2) × T (I1) so T1 = T (I2) = I2 since I2 is ﬁnite. 
Lemma 3.4. Suppose P (R) is ﬁnitely generated. So T (R) = T1 × S1 × · · · × Sm × K1 × · · · × Ks where T1
is ﬁnite, Si is an SPIR, and Ki is a ﬁeld. Then R = T1 × R ′ where P (R ′) is ﬁnitely generated and T (R ′) =
S1 × · · · × Sm × K1 × · · · × Ks. Also R¯ = T1 × R1 × · · · × Rm × D1 × · · · × Ds where T (Ri) = Si and
T (Di) = Ki , Ri (resp., Di) is integrally closed in Si (resp., Ki), and each P (Ri), P (Di) is ﬁnitely generated.
Proof. The ﬁrst sentence follows from Corollary 2.2. The second sentence follows from Lemmas 3.2
and 3.3. Since R¯ contains the idempotents of T (R), R¯ decomposes as stated. Alternatively, we could
take the approach using the primary decomposition of 0 outlined in the ﬁrst paragraph of this section.
Now P (R) ﬁnitely generated gives P (R¯) is ﬁnitely generated and thus again by Lemma 3.2 the result
follows. 
We next handle the case where R is a commutative ring with P (R) ﬁnitely generated having total
quotient ring an SPIR. We begin with the integrally closed case. This requires a new type of ring.
Deﬁnition. A special Bezout ring R is a Bezout ring R with a unique minimal prime P , T (R) = RP is
an SPIR, and G(R/P ) is ﬁnitely generated.
Note that in the notation above R/P is a Bezout domain and Spec(R/P ) is ﬁnite (Theorem 2.6).
Hence Spec(R) is ﬁnite for R a special Bezout ring. Certainly an SPIR is a special Bezout ring. See
Example 3.8 for an example of a special Bezout ring that is not an SPIR.
We next show how to construct all special Bezout rings.
Theorem 3.5. Let (S, Sπ) be an SPIR with residue ﬁeld K = S/Sπ and let ϕ : S → K be the natural map.
Let D be a Bezout domain with G(D) ﬁnitely generated having quotient ﬁeld K . Then R = ϕ−1(D) is a special
Bezout ring having unique minimal prime Sπ , T (R) = S, and R/Sπ = D. Conversely, every special Bezout
ring has this form.
Proof. (⇒) Now R is a subring of S having T (R) = S and Sπ ⊂ R . Since Sπ is nilpotent, Sπ is the
unique minimal prime ideal of R . Also S = T (R) = RSπ is an SPIR and D = R/Sπ is Bezout with G(D)
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Rb. Hence Sπ ⊂ Rb. Thus each fractional ideal of R is comparable to Sπ . Let I be a ﬁnitely generated
regular ideal of R . Then I/Sπ is a nonzero ﬁnitely generated ideal of D and hence is principal;
say I/Sπ = Db¯ for some regular b ∈ R . Then I = I + Sπ = Rb + Sπ = Rb is principal. Thus every
ﬁnitely generated regular fractional ideal of R is principal. Next let I be a nonzero nonregular ﬁnitely
generated ideal of R . Then I ⊆ Sπ . Let n be the least positive integer with sπn ∈ I for some s ∈ U (S).
Then I = πn I ′ where I ′ is a ﬁnitely generated regular fractional ideal of R . Then I ′ is principal and
hence so is I . Thus R is Bezout.
(⇐) Conversely, suppose that R is a special Bezout ring with unique minimal prime P . So T (R) =
RP is an SPIR with maximal ideal P P . Let ϕ : RP → RP /P P be the natural map. Since R is Bezout,
R is integrally closed. Hence P P ⊂ R since P P is nilpotent. So P = P P . Now R/P has quotient ﬁeld
RP /P P and ϕ−1(R/P ) = R . 
Remark 3.6. The proof of Theorem 3.5 shows that in the deﬁnition of a special Bezout ring we can
replace the hypothesis that R is Bezout by R is integrally closed. Indeed, R integrally closed gives
P = P P . Then R/P is integrally closed with quotient ﬁeld RP /P . Since R/P is integrally closed and
G(R/P ) is ﬁnitely generated, R/P is Bezout by Theorem 2.3. Then as in the proof of Theorem 3.5 we
see that R is Bezout.
Lemma 3.7. Let R be a special Bezout ring having total quotient ring (S, Sπ). Put D = R/Sπ . Choose regular
b1, . . . ,bn ∈ R so that Db¯1, . . . , Db¯n generate G(D) as a group. Then F ∗(R) = P (R) = 〈Rb1, . . . , Rbn, Rb−11 ,
. . . , Rb−1n , Rπ〉 is ﬁnitely generated.
Proof. Since R is Bezout, F ∗(R) = P (R). Let b ∈ U (S), so Db¯ = Db¯s11 · · · b¯snn where si ∈ Z. Then Rb =
Rb + Sπ = Rbs11 · · ·bsnn + Sπ = Rbs11 · · ·bsnn . Hence Rb ∈ 〈Rb1, . . . , Rbn, Rb−11 , . . . , Rb−1n , Rπ〉 := X . And
for x ∈ Sπ we can write x = sπn where s ∈ U (S) and n 1. Thus Rx = Rs(Rπ)n ∈ X . So P (R) = X is
ﬁnitely generated. 
We now give an example of a special Bezout ring that is not an SPIR.
Example 3.8. Let S = Q[[X]]/Q[[X]]Xn,n  2, an SPIR. Let ϕ : S → Q be the natural map. Then R =
ϕ−1(Z(p)) = (Z(p) + XQ[[X]])/Q[[X]]Xn is a special Bezout ring with P (R) = 〈Rp, Rp−1, R X¯〉.
Theorem 3.9. Let R be an integrally closed ring with T (R) an SPIR. Then the following are equivalent.
(1) R is a special Bezout ring.
(2) P (R) is ﬁnitely generated.
(3) F ∗(R) is ﬁnitely generated.
Proof. (1) ⇒ (2), (3) Lemma 3.7.
(2) ⇒ (1) Suppose that R is integrally closed with P (R) ﬁnitely generated having T (R) = (S, Sπ)
an SPIR. Let K be the residue ﬁeld S/Sπ . Now R is integrally closed, so Sπ ⊂ R . As in the proof of
Theorem 3.5, Rb ⊃ Sπ for each b ∈ U (S). Let D = R/Sπ . Now D is an integrally closed subring of K
having quotient ﬁeld K .
Suppose that P (R) = 〈Rx1, . . . , Rxn, Ry1, . . . , Rym〉 where x1, . . . , xn ∈ U (S) and y1, . . . , ym ∈ Sπ .
Then 〈Dx¯1, . . . , Dx¯n〉 = G(D). Now D is an integrally closed domain with G(D) ﬁnitely generated and
hence is Bezout (Theorem 2.6). By Remark 3.6, R is a special Bezout ring.
(3) ⇒ (1) Suppose that F ∗(R) is ﬁnitely generated; say F ∗(R) = 〈I1, . . . , In, J1, . . . , Jm〉 where Ii is
regular and J i ⊆ Sπ . Let I ∈ Inv(R), the group of invertible ideals of R . We can write I = I s11 · · · I snn
where si ∈ N. So Inv(R) = 〈{Ii | Ii is invertible}〉 is a ﬁnitely generated abelian group. (Actually since R
will turn out to be Bezout, each Ii is principal.) Thus its subgroup {Rx | x ∈ U (S)} is ﬁnitely generated
as a group and hence as a monoid. Hence as in (2) ⇒ (1) G(D) is ﬁnitely generated where D = R/Sπ
and thus R is a special Bezout ring. 
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SPIR. Then P (R¯) is ﬁnitely generated so R¯ is a special Bezout ring, R¯ is a ﬁnitely generated R-module, and
R¯/[R : R¯] and U (R¯)/U (R) are ﬁnite.
Proof. By Lemma 3.1 P (R¯) is ﬁnitely generated. Hence by Theorem 3.9 R¯ is a special Bezout ring.
Thus Spec(R) is also ﬁnite and hence R is semiquasilocal. By Lemma 3.1 U (R¯)/U (R) is ﬁnitely gen-
erated. Thus by the proof of [7, Theorem 10] R¯ is a ﬁnitely generated R-module. Thus R¯−1 = [R : R¯]
is a regular ideal of both R and R¯ . By the proof of Theorem 3.5 [R : R¯] ⊇ Sπ , so Sπ is the unique
minimal prime of R . In fact, every regular fractional ideal of R contains Sπ . Thus as in the proof
of Lemma 3.7 P (R/Sπ) is ﬁnitely generated. Also, S/Sπ is the quotient ﬁeld of R/Sπ and R¯/Sπ
is the integral closure of R/Sπ in S/Sπ . Thus by Theorem 2.6 U (R¯/Sπ)/U (R/Sπ) is ﬁnite and
(R¯/Sπ)/[R/Sπ : R¯/Sπ ] is ﬁnite. By [3, Lemma 2] U (R¯)/U (R) ≈ U (R¯/Sπ)/U (R/Sπ) is ﬁnite. Since
[R : R¯] ⊃ Sπ, [R/Sπ : R¯/Sπ ] = [R : R¯]/Sπ . So R¯/[R : R¯] = (R¯/Sπ)/([R : R¯]/Sπ) = (R¯/Sπ)/[R/Sπ :
R¯/Sπ ] is ﬁnite. 
Proposition 3.11. Let R be a commutative ring with P (R) ﬁnitely generated. Then Spec(R) is ﬁnite. Hence R
is strongly associate. Also, R = R1 × R2 where R1 is ﬁnite and R¯2 is Bezout. Here R¯2 is a ﬁnite direct product
of Bezout domains D with G(D) ﬁnitely generated and special Bezout rings.
Proof. Suppose that P (R) is ﬁnitely generated. Then by Lemma 3.4 R¯ = T1 × R1 × · · · × Rm × D1 ×
· · · × Ds where T1 is ﬁnite, Ri has total quotient ring an SPIR, and each Di is an integral domain.
Certainly Spec(T1) is ﬁnite. Now P (Ri) is ﬁnitely generated, so by Theorem 3.9 Ri is a special Bezout
ring and hence Spec(Ri) is ﬁnite. And by Theorem 2.6 Spec(Di) is ﬁnite. Hence Spec(R¯) is ﬁnite. By
Lying Over, Spec(R) is ﬁnite. Also note that since each Ri and Di is Bezout, so is their product. 
Theorem 3.12. Let R be a commutative ring and S an overring of R. Then P (R) is ﬁnitely generated if and
only if P (S) is ﬁnitely generated and U (S)/U (R) is ﬁnitely generated. If S is integral over R, then S is a ﬁnitely
generated R-module.
Proof. (⇒) Lemma 3.1. (⇐) Suppose that P (S) is ﬁnitely generated and U (S)/U (R) is ﬁnitely gen-
erated. By Proposition 3.11 S is strongly associate. Let ϕ : P (R) → P (S), ϕ(Rx) = Sx be the natural
map. Let P (S) = 〈Sx1, . . . , Sxn〉. By Lemma 3.1, kerϕ ≈ U (S)/U (R) and hence is ﬁnitely gener-
ated. Say kerϕ = 〈Rz1, . . . , Rzm〉. Consider Rx ∈ P (R). So ϕ(Rx) = Sx = Sxs11 · · · xsnn for some si  0.
Then ϕ(Rx) = ϕ(Rxs11 · · · xsnn ). By Lemma 3.1 (since S is strongly associate), Rx = Rxs11 · · · xsnn Rc where
Rc ∈ kerϕ . So Rx ∈ 〈Rx1, . . . , Rxn , Rz1, . . . , Rzm〉. So P (R) = 〈Rx1, . . . , Rxn, Rz1, . . . , Rzm〉 is ﬁnitely
generated.
Suppose that P (R) is ﬁnitely generated and S is integral over R . By Proposition 3.11, both Spec(R)
and Spec(S) are ﬁnite. As U (S)/U (R) is ﬁnitely generated, the proof of [7, Theorem 10] gives that S
is a ﬁnitely generated R-module. 
Corollary 3.13. Let R be a commutative ring. Then P (R) is ﬁnitely generated if and only if P (R¯) and
U (R¯)/U (R) are ﬁnitely generated.
Lemma 3.14. Let R be a commutative ring. Suppose that T (R) is a ﬁnite direct product of ﬁnite local rings,
SPIRs, and ﬁelds. Then there exist c1, . . . , cn ∈ R so that each x ∈ T (R) has the form x = uci for some u ∈
U (T (R)) and i, 1 i  n.
Proof. Let T (R) = F × S1 × · · · × S × K1 × · · · × Kt where F is ﬁnite, (Si, Siπi) is an SPIR, and Ki
is a ﬁeld. Take S = {(a,π s11 , . . . ,π s ,k1, . . . ,kt) | a ∈ F , si  0, ki ∈ {0Ki ,1Ki }}. So S is ﬁnite; say S ={t1, . . . , tn}. Now ti = ci/di where ci,di ∈ R with di regular. Then each x ∈ T (R) has the form x = uci
for some u ∈ U (T (R)) and i, 1 i  n. 
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(1) P (R) is ﬁnitely generated.
(2) G(R) is ﬁnitely generated and T (R) is a ﬁnite direct product of ﬁnite local rings, SPIRs, and ﬁelds.
(3) G(R) is ﬁnitely generated and there exist c1, . . . , cn ∈ R such that each x ∈ R has the form x = uci where
u ∈ U (T (R)) and 1 i  n.
Proof. (1) ⇒ (2) By Theorem 3.12, P (R) is ﬁnitely generated if and only if U (T (R))/U (R) = G(R) is
ﬁnitely generated and P (T (R)) is ﬁnitely generated. But by Theorem 2.1, P (T (R)) is ﬁnitely generated
if and only if T (R) is a ﬁnite direct product of ﬁnite local rings, SPIRs, and ﬁelds (2) ⇒ (3) Lemma 3.14.
(3) ⇒ (1) G(R) ﬁnitely generated implies r-P (R) = 〈Rx1, . . . , Rxm〉 is ﬁnitely generated. So P (R) =
〈Rx1, . . . , Rxm , Rc1, . . . , Rcn〉 is ﬁnitely generated. 
Thus if P (R) is ﬁnitely generated, so is G(R). The converse is false, since G(T ) = {1} for any total
quotient ring T ; but P (T ) is ﬁnitely generated if and only if T is a ﬁnite direct product of ﬁnite local
rings, SPIRs, and ﬁelds.
Theorem 3.16. Let R be a commutative ring and M a submonoid of F¯ (R) containing P (R). Then the following
are equivalent.
(1) P (R) is ﬁnitely generated and there exist A1, . . . , An ∈ M such that each A ∈ M has the form A = xAi for
some x ∈ T (R) and 1 i  n.
(2) G(R) is ﬁnitely generated and there exist A1, . . . , An ∈ M such that each A ∈ M has the form A = xAi for
some x ∈ U (T (R)) and 1 i  n. (If Ai ∈ F (R), we can take Ai ⊆ R.)
Proof. (1) ⇒ (2) Now P (R) ﬁnitely generated implies G(R) is ﬁnitely generated and T (R) is a ﬁnite
direct product of ﬁnite local rings, SPIRs, and ﬁelds. By Lemma 3.14 there exist c1, . . . , cn ∈ R such
that every x ∈ T (R) has the form x= uci where u ∈ U (T (R)). So every A ∈ M has the form A = uci A j
for u ∈ U (T (R)) and some i, j. (2) ⇒ (1) For a ∈ T (R), Ra = xAi for some x ∈ U (T (R)) and 1 i  n.
So T (R)a = AiT (R). Hence T (R) has only ﬁnitely many ideals. Thus T (R) is a ﬁnite direct product
of ﬁnite local rings, SPIRs, and ﬁelds. Since G(R) is ﬁnitely generated, P (R) is ﬁnitely generated by
Theorem 3.15. 
We say that a submonoid M of F¯ (R) containing P (R) is strongly ﬁnitely generated if either of the
equivalent conditions of Theorem 3.16 hold.
Corollary 3.17. Let R be a commutative ring. Then F¯ (R) strongly ﬁnitely generated implies that F (R) is strongly
ﬁnitely generated.
Proof. Choose A1, . . . , An so each A ∈ F¯ (R) has the form A = xAi where x ∈ U (T (R)). Thus if A ∈
F (R), Ai = x−1A ∈ F (R). Let {Ai1 , . . . , Ais } = {Ai | Ai ∈ F (R)}. Then G(R) is ﬁnitely generated and each
A ∈ F (R) has the form xAi j . 
We now prove one direction of our characterization of the commutative rings R with P (R) ﬁnitely
generated.
Theorem 3.18. Suppose that R is a commutative ring. If P (R¯) is ﬁnitely generated and R/[R : R¯] is ﬁnite, then
P (R) is ﬁnitely generated.
Proof. Now P (R¯) ﬁnitely generated gives that R¯ is semiquasilocal, so by [3, Lemma 2] U (R¯)/U (R) ≈
U (R¯/[R : R¯])/U (R/[R : R¯]) is ﬁnite. By Corollary 3.13 P (R) is ﬁnitely generated. 
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generated if and only if R¯/[R : R¯] is ﬁnite and P (R¯) is ﬁnitely generated (that is, R¯ is a special Bezout ring).
Proof. (⇒) Lemma 3.10. (⇐) Theorem 3.18. 
So far if P (R) is ﬁnitely generated, we only know that U (R¯)/U (R) is ﬁnitely generated. We need
to know that U (R¯)/U (R) is actually ﬁnite. To do this we need the following lemma.
Lemma 3.20. Let R be a semiquasilocal commutative ring with ideals A and B such that A ∩ B = 0. Let
R0 = R/A × R/B and R → R0 be the natural embedding r → (r + A, r + B). Then U (R0)/U (R) ﬁnitely
generated implies R/(A + B) and U (R0)/U (R) are ﬁnite.
Proof. Observe that under the natural embedding A+ B → {(a+b+ A,a+b+ B) | a ∈ A, b ∈ B} = (A+
B)/A × (A + B)/B . By [3, Lemma 2], U (R0)/U (R) ≈ U (R0/((A + B)/A × (A + B)/B))/U (R/(A + B)) ≈
U (R/(A + B)) × U (R/(A + B))/{(u,u) | u ∈ U (R/(A + B))}. But the map U (R/(A + B)) × U (R/(A +
B)) → U (R/(A + B)) given by (u, v) → uv−1 is a group epimorphism with kernel {(u,u) | u ∈
U (R/(A + B))}. Hence U (R0)/U (R) ≈ U (R/(A + B)); so U (R/(A + B)) is ﬁnitely generated. Since
R/(A + B) is semiquasilocal, [7, Theorem 4] gives that R/(A + B) is ﬁnite. Hence U (R0)/U (R) is
ﬁnite. 
Lemma 3.21. Let R be a commutative ring with P (R) ﬁnitely generated. Then U (R¯)/U (R) is ﬁnite.
Proof. Let 0= Q 1∩· · ·∩ Qn be a reduced primary decomposition and let R0 = R/Q 1×· · ·× R/Qn . Let
R → R0 be the natural embedding; so R ↪→ R0 ⊂ R¯ = R¯0 ⊆ T (R). To show that U (R¯)/U (R) is ﬁnite it
suﬃces to show that U (R0)/U (R) and U (R¯)/U (R0) are ﬁnite.
We ﬁrst show that U (R0)/U (R) is ﬁnite. Now by Proposition 3.11 R is semiquasilocal and by The-
orem 3.12 U (R0)/U (R) is ﬁnitely generated. Put R1 = R/Q 1 × R/Q 2 ∩ · · · ∩ Qn . Now U (R1)/U (R) ⊆
U (R0)/U (R) and so is ﬁnitely generated. So by Lemma 3.20, U (R1)/U (R) is ﬁnite. Next con-
sider R1 ↪→ R/Q 1 × R/Q 2 × R/Q 3 ∩ · · · ∩ Qn = R2. Then U (R2)/U (R1) ≈ U (R/Q 2 × R/Q 3 ∩ · · · ∩
Qn)/U (R/Q 2 ∩ · · · ∩ Qn) is ﬁnitely generated since P (R1) is ﬁnitely generated and hence again by
Lemma 3.20 is ﬁnite. Continuing we have a sequence of overrings R ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Rn = R0 with
U (R1)/U (R), . . . ,U (R0)/U (Rn−1) each ﬁnite. Hence U (R0)/U (R) is ﬁnite.
We next show that U (R¯)/U (R0) is ﬁnite. Now R0 = R/Q 1 × · · · × R/Qn ⊆ R¯0 = R/Q 1 × · · · ×
R/Q n ⊆ T (R/Q 1) × · · · × T (R/Qn). Now T (R/Q i) is either a ﬁnite ring, an SPIR, or a ﬁeld by Corol-
lary 2.2. If T (R/Q i) is ﬁnite, R/Q i = R/Q i so U/(R/Q i)/U (R/Q i) is ﬁnite. If T (R/Q i) is a ﬁeld, then
U (R/Q i)/U (R/Q i) is ﬁnite by Theorem 2.6 while if T (R/Q i) is an SPIR, then U (R/Q i)/U (R/Q i) is
ﬁnite by Lemma 3.10. So U (R¯)/U (R0) = U (R/Q 1)/U (R/Q 1) × · · · × U (R/Q n)/U (R/Qn) is ﬁnite. 
Our attack has been to consider the intermediate ring R0 = R/Q 1 × · · · × R/Qn and then handle
each R/Q i ⊆ R/Q i ⊆ T (R/Q i) separately. The fact that keeps this from being straightforward is that
P (R0) can be ﬁnitely generated without P (R) being ﬁnitely generated as shown by the next example.
Example 3.22. (P (R0) ﬁnitely generated, but P (R) not ﬁnitely generated.) Let K be a ﬁeld and R =
K [[X, Y ]]/(XY ). So R has minimal primes P1 = (X)/(XY ) and P2 = (Y )/(XY ) with P1 ∩ P2 = 0. Now
R0 = R/P1 × R/P2 = K [[Y ]]× K [[X]] = R¯ . So P (R0) is ﬁnitely generated. Now [R : R0] = (X, Y )/(XY ).
So U (R0)/U (R) = U (R0/[R : R0])/U (R/[R : R0]) = (K ∗ × K ∗)/Δ where Δ = {(k,k)/k ∈ K ∗}. As in the
proof of Lemma 3.20, (K ∗ × K ∗)/Δ ≈ K ∗ . Hence U (R0)/U (R) is ﬁnitely generated if and only if K ∗ is
ﬁnitely generated if and only if K is ﬁnite.
We are now ready to prove our main theorem.
Theorem 3.23. Let R be a commutative ring. Then P (R) is ﬁnitely generated if and only if P (R¯) is ﬁnitely
generated (equivalently, R¯ is a ﬁnite direct product of ﬁnite local rings, Bezout domains D with G(D) ﬁnitely
generated, and special Bezout rings) and R¯/[R : R¯] is ﬁnite.
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generated. We show that R¯/[R : R¯] is ﬁnite. This follows from a modiﬁcation of the proof of [3,
Theorem 1]. Since R¯ is a ﬁnitely generated R-module (Theorem 3.12), it suﬃces to show that R/[R : R¯]
is ﬁnite. Also, since R is semiquasilocal it suﬃces to show that RM/[R : R¯]M is ﬁnite for each maximal
ideal M of R containing [R : R¯]. Let S = {s ∈ R\M | s is regular}. So RM/[R : R¯]M is a localization
of RS/[R : R¯]S and hence it suﬃces to show that RS/[R : R¯]S = RS/[RS : R¯ S ] is ﬁnite. Now RS is
quasilocal with maximal ideal MS , R¯ S = RS and P (RS ) is ﬁnitely generated. So we may assume that
(R,M) is quasilocal. Suppose that R/M is inﬁnite. If 0 is not primary, then 0 = Q 1 ∩ · · · ∩ Qn where
Q i is primary with n  2. Let A = Q 1 and B = Q 2 ∩ · · · ∩ Qn . Then by Lemma 3.20, R/(A + B) is
ﬁnite; contradicting that R/M is inﬁnite. So T (R) is either an SPIR or a ﬁeld. In either case R/[R : R¯]
is ﬁnite (in fact R = R¯). So suppose that R/M is ﬁnite. Since U (R¯)/U (R) is ﬁnite (Lemma 3.21), the
proof that R/[R : R¯] is ﬁnite proceeds as in the proof of [3, Theorem 1]. 
We end this section by determining when F ∗(R) is ﬁnitely generated.
Theorem 3.24. For a commutative ring R, the following conditions are equivalent.
(1) P (R) is ﬁnitely generated.
(2) F ∗(R) is ﬁnitely generated.
(3) F ∗(R) is strongly ﬁnitely generated.
Proof. (3) ⇒ (2) Clear.
(2) ⇒ (1) Suppose that F ∗(R) = 〈I1, . . . , In〉. Since a factor of an invertible ideal is invertible,
Inv(R) = 〈{Ii | Ii is invertible}〉 and hence is ﬁnitely generated. Thus G(R) ≈ r-P (R) ⊆ Inv(R) is ﬁnitely
generated. Also, by Corollary 2.2, T (R) is a ﬁnite direct product of ﬁnite local rings, SPIRs, and ﬁelds.
By Theorem 3.15, P (R) is ﬁnitely generated.
(1) ⇒ (3) Suppose that P (R) is ﬁnitely generated. By Proposition 3.11, R = R1 × R2 where R1 is
ﬁnite and R¯2 is Bezout. Since F ∗(R) = F ∗(R1) × F ∗(R2) and F ∗(R1) is ﬁnite, it suﬃces to show that
F ∗(R2) is strongly ﬁnitely generated. Thus we may assume that R¯ is Bezout. Let B = { J ∈ F ∗(R) | J R¯ =
R¯}. Then [R : R¯] = [R : R¯]R¯ = [R : R¯]( J R¯) = [R : R¯] J ⊆ J ⊆ R . But R/[R : R¯] is ﬁnite (Theorem 3.23);
so B is ﬁnite, say B = {A1, . . . , An}. Let I ∈ F ∗(R). Since R¯ is Bezout, R¯ I = R¯c for some c ∈ T (R). So
I = cI ′ for some I ′ ∈ F ∗(R). Then R¯c = R¯ I = R¯c I ′ = R¯c R¯ I ′ . So we can write 1= x+ y where x ∈ R¯ I ′ and
yc = 0. Put I ′′ = I ′ + R(1− x); so cI ′′ = cI ′ = I and R¯ I ′′ = R¯ . So I ′′ = Ai for some i. Hence I = cAi . 
4. The F (R) and F¯ (R) cases
In this ﬁnal section, we determine when F (R) or F¯ (R) is ﬁnitely generated. We begin with the
following lemma which allows us to use the results of the previous section.
Lemma 4.1. Let R be a commutative ring. If F (R) or F¯ (R) is ﬁnitely generated, then P (R) is ﬁnitely generated.
Proof. If F (R) or F¯ (R) is ﬁnitely generated, then by Corollary 2.2, T (R) is a ﬁnite direct product of
ﬁnite local rings, SPIRs, and ﬁelds. Suppose that F¯ (R) = 〈I1, . . . , In〉 or F (R) = 〈I1, . . . , In〉 is ﬁnitely
generated. Let I ∈ Inv(R). So I = I s11 · · · I snn where si  0. If some si > 0, then Ii ∈ Inv(R) since a factor
of an invertible ideal is an invertible ideal. (For Ii ∈ F (R), this is clear. Otherwise I = Ii K for some
K ∈ F¯ (R) and hence R = Ii(K I−1) = Ii J , where J = K I−1 ∈ F¯ (R). Let 1= Σ iα jα where iα ∈ Ii, jα ∈ J .
Choose r ∈ R regular with each riα ∈ R . So r ∈ J . Then r Ii ⊆ R , so Ii ∈ F (R).) Thus Inv(R) = 〈{I j |
I j is invertible}〉 is ﬁnitely generated. So its subgroup G(R) is ﬁnitely generated. By Theorem 3.15,
P (R) is ﬁnitely generated. 
We ﬁrst handle the integrally closed case.
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(1) F¯ (R) is strongly ﬁnitely generated.
(2) F (R) is strongly ﬁnitely generated.
(3) F¯ (R) is ﬁnitely generated.
(4) F (R) is ﬁnitely generated.
(5) R/Sπ is a ﬁnite dimensional semiquasilocal generalized Dedekind domain.
Proof. (1) ⇒ (3), (2) ⇒ (4) Clear. (3) ⇒ (5) Suppose that F¯ (R) = 〈I1, . . . , In〉. For I ∈ F¯ (R), either
I ⊆ Sπ or I contains a unit b ∈ S . In the second case I ⊇ Rb ⊃ Sπ . Let J ∈ F¯ (R/Sπ)\{0}; so
J = J ′/Sπ where J ′ ∈ F¯ (R) is regular. Now J ′ = I s11 · · · I snn where si  0 with si = 0 if Ii is not regu-
lar. So J = (I1/Sπ)s1 · · · (In/Sπ)sn . Thus F¯ (R/Sπ)\{0} = 〈{Ii/Sπ | Ii is regular}〉 and hence is ﬁnitely
generated. By Theorem 2.7 and Proposition 2.8, R/Sπ is a ﬁnite dimensional semiquasilocal gen-
eralized Dedekind domain. (4) ⇒ (5) Similar to (3) ⇒ (5). (5) ⇒ (1) By Proposition 2.8 F¯ (R/Sπ) is
strongly ﬁnitely generated. Hence there exist A1, . . . , An ∈ F¯ (R/Sπ) so that each 0 = A ∈ F¯ (R/Sπ)
has the form A = xAi for some x ∈ T (R/Sπ) = S/Sπ and 1 i  n. Choose Bi ∈ F¯ (R) with Bi ⊃ Sπ
and Bi/Sπ = Ai . Let I ∈ F¯ (R). If I is regular, I ⊃ Sπ . So I/Sπ = x¯Ai = xBi/Sπ for some x ∈ S and
1 i  n. Hence I = xBi . Next suppose that I ⊆ Sπ . So I = I ′π s where s 1 and I ′ ∈ F¯ (R) is regular.
Then I ′ = xBi for some x ∈ S and 1 i  n. Thus I = xπ s Bi . Also, P (R) is ﬁnitely generated. So F¯ (R)
is strongly ﬁnitely generated. (5) ⇒ (3) Similar to (5) ⇒ (1). 
Theorem 4.3. For an integrally closed commutative ring R, the following conditions are equivalent.
(1) F¯ (R) is strongly ﬁnitely generated.
(2) F (R) is strongly ﬁnitely generated.
(3) F¯ (R) is ﬁnitely generated.
(4) F (R) is ﬁnitely generated.
(5) R is a ﬁnite direct product of ﬁnite local rings, ﬁnite dimensional semiquasilocal generalized Dedekind
domains, and special Bezout rings as in Lemma 4.2(5).
Proof. (1) ⇒ (3), (2) ⇒ (4) Clear. (3) ⇒ (5) Suppose that F¯ (R) is ﬁnitely generated. Then by
Lemma 4.1 P (R) is ﬁnitely generated. So by Proposition 3.11 R = R1 × · · · × Rn where Ri is a ﬁ-
nite local ring, Bezout domain, or special Bezout ring. By Lemma 3.2 F¯ (Ri) is ﬁnitely generated. If
Ri is a Bezout domain (resp., special Bezout ring), then Ri has the desired form by Theorem 2.7 and
Proposition 2.8 (resp., Lemma 4.2). (4) ⇒ (5) Similar to the proof of (3) ⇒ (5). (5) ⇒ (1) Each of the
rings listed in (5) is strongly ﬁnitely generated (Theorem 2.7, Lemma 4.2). Hence so is their direct
product. (5) ⇒ (2) Similar to the proof of (5) ⇒ (1). 
We next give a characterization of when F (R) or F¯ (R) is ﬁnitely generated.
Theorem 4.4. For a commutative ring R, the following conditions are equivalent.
(1) F¯ (R) is strongly ﬁnitely generated.
(2) F¯ (R) is ﬁnitely generated.
(3) F (R) is strongly ﬁnitely generated.
(4) F (R) is ﬁnitely generated.
(5) R¯/[R : R¯] is ﬁnite and R¯ is a ﬁnite direct product of ﬁnite local rings, ﬁnite dimensional semiquasilo-
cal generalized Dedekind domains, and special Bezout rings whose reduced rings are ﬁnite dimensional
semiquasilocal generalized Dedekind domains.
Proof. (1) ⇒ (3) Corollary 3.17. (1) ⇒ (2) and (3) ⇒ (4) Clear. (2) ⇒ (5) Lemma 4.1 gives that P (R) is
ﬁnitely generated. By Theorem 3.23 R¯/[R : R¯] is ﬁnite. Now F¯ (R) ﬁnitely generated gives that F¯ (R¯)
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(2) ⇒ (5).
(5) ⇒ (1) By Theorem 4.3 F¯ (R¯) is strongly ﬁnitely generated. So there exist A1, . . . , An ∈ F¯ (R)
so that each A ∈ F¯ (R¯) has the form A = xAi for some x ∈ U (T (R)) and some Ai . Let A ∈ F¯ (R). So
R¯ A = xAi for some x ∈ U (T (R)) and some Ai . So R¯(x−1A) = Ai . Thus it suﬃces to show that each
set {C ∈ F¯ (R) | R¯C = Ai} is ﬁnite. But R¯C = Ai implies Ai[R : R¯] = C R¯[R : R¯] = C[R : R¯] ⊆ C ⊆ Ai .
So it suﬃces to show Ai/Ai[R : R¯] is ﬁnite. We show that for B ∈ F¯ (R¯), B/B[R : R¯] is ﬁnite. Write
R¯ = R1 × · · · × Rn where Ri is either a ﬁnite local ring, integral domain, or special Bezout ring. Now
B = B1 × · · · × Bn where Bi ∈ F¯ (R¯), [R : R¯] = I1 × · · · × In where Ii is a regular ideal of Ri with Ri/Ii
ﬁnite, and B/B[R : R¯] = B1/B1 I1 × · · · × Bn/Bn In . It suﬃces to show that each Bi/Bi Ii is ﬁnite. In the
case where Ri is ﬁnite this is clear. Next suppose that Ri is an integral domain. Let M be a maximal
ideal of Ri . It suﬃces to show that BiM/BiM IiM is ﬁnite. So we can assume that (R,M) is a ﬁnite-rank
discrete valuation domain, I is an ideal of R with R/I ﬁnite, and A is an element of F¯ (R). We need
that A/I A is ﬁnite. Since R/I is ﬁnite, I is M-primary so I = Mm for some m  1. If A /∈ F (R), then
A is the quotient ﬁeld of R . But then I A = A so A/I A = 0. So suppose that A ∈ F (R). If A is ﬁnitely
generated, then A/I A is a ﬁnitely generated R/I-module and hence is ﬁnite. Suppose that A is not
ﬁnitely generated. Then A = MA = I A; so A/I A = 0 is ﬁnite. Next suppose that R is a special Bezout
ring with T (R) = (S, Sπ) an SPIR. Let A ∈ F¯ (R). If A is regular, A ⊃ Sπ . Then A/Sπ ∈ F¯ (R/Sπ).
Hence R/Sπ is a ﬁnite dimensional semiquasilocal generalized Dedekind domain with I/Sπ a regular
ideal of R/Sπ and (R/Sπ)/(I/Sπ) = R/I ﬁnite. By the previously handled domain case, A/I A =
(A/Sπ)/(I/Sπ)(A/Sπ) is ﬁnite. Suppose that A is not regular. Then A ⊆ Sπ so A = π s A′ where
A′ ∈ F¯ (R) is regular. So by the regular case A′/I A′ is ﬁnite. Hence A/I A = π s A′/π s I A′ is ﬁnite. 
We end with the following theorem concerning the ﬁnite generation of submonoids of certain
ﬁnitely generated submonoids of F¯ (R).
Theorem 4.5. Let R be a commutative ring and let M be a submonoid of F¯ (R) containing P (R).
(1) If M is ﬁnitely generated, then P (R) is ﬁnitely generated.
(2) If M is strongly ﬁnitely generated, then any submonoid N of M containing P (R) is strongly ﬁnitely gener-
ated.
(3) If F¯ (R) is ﬁnitely generated, then M is (strongly) ﬁnitely generated.
Proof. (1) Suppose that M is ﬁnitely generated, say M = 〈I1, . . . , In〉. Let Rx ∈ r-P (R); so Rx =
I s11 · · · I snn where si  0. If si  1, Ii is invertible. So r-P (R) ⊆ 〈{I j | I j is invertible}〉 and hence
r-P (R) ≈ G(R) is ﬁnitely generated. Also by Corollary 2.4 T (R) is a ﬁnite direct product of ﬁnite
local rings, SPIRs and ﬁelds. By Theorem 3.15 P (R) is ﬁnitely generated.
(2) Suppose the M is strongly ﬁnitely generated. So G(R) is ﬁnitely generated and there exist
A1, . . . , An ∈ M so that each A ∈ M has the form A = xAi for some x ∈ U (T (R)) and some Ai . Suppose
that N is a submonoid of M containing P (R). Let A ∈ N . So A = xAi for some x ∈ U (T (R)) and
some Ai . Hence Ai = Rx−1A ∈ N . Thus N is strongly ﬁnitely generated by {A j | A j ∈ N}.
(3) Suppose that F¯ (R) is ﬁnitely generated. By Theorem 4.4 F¯ (R) is strongly ﬁnitely generated.
By (2) M is strongly ﬁnitely generated and hence ﬁnitely generated. 
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